Abstract Using the perturbation method, the modified variable coefficient KadomtsevPetviashvili (MKP) equation governing nonlinear dust acoustic solitary waves is for the first time derived with the combined effects of adiabatic dust charge fluctuation and higher-order transverse perturbation in inhomogeneous dusty plasmas due to the spatial gradients of dust charge and plasma densities. The MKP equation is reduced to the standard Kadomtsev-Petviashvili (KP) equation. The numerical results show that inhomogeneity has strong influence on the nonlinear properties of dust acoustic solitary waves.
Introduction
Recently, there has been a growing interest in the study of nonlinear excitation and coherent structures, such as solitons and shock waves, in dusty (complex) plasmas [1∼3] , which contain heavy dust grains carrying a considerable amount of negative charge of the plasma. Theoretical studies indicate that the presence of charged dust grains in plasmas would modify the collective behavior of the plasmas as well as excite new modes. In reality, the charge on the dust grain varies both with space and time due to the electron and ion current flowing into or out of the dust grain, as well as other processes such as secondary emission, photoemission of electrons, etc [4, 5] . These factors cause dust charge fluctuation. The time scale of charge fluctuation is the same order as the frequency of oscillation of the particles. The larger the particles, the shorter the time scale. Therefore charge fluctuation is quite fast. Charge fluctuation will have a great influence on the plasma properties. So, the dust charge fluctuation would be important for studying the behavior of dusty plasmas.
Inhomogeneity exists widely in space and laboratory discharges. For example, recent experiments on observations of dust density perturbation in a DC glow discharge in neon revealed that the phase velocity of the density perturbation varies considerably along the plasma column [6] . Inhomogeneity may stem from density, temperature, and magnetic field gradients, which are much more appreciable near the edges and the boundaries of the system. The effect of inhomogeneity on the wave propagating is an important problem from various points of view. XIAO et al. [7] studied the wave evolution in one-dimension inhomogeneous plasmas through the KdV Burgers equation. El-TAIBANY et al. [8] investigated the combined effects of the nonadiabatic negatively charged dust grains, the inhomogeneity of the equilibrium dust density, and potential on nonlinear properties of the dust-acoustic waves in a collisional magnetized dusty plasma associated with nonthermal ions. Later, ZHANG et al. [9] investigated the propagation of multidimensional nonlinear dust acoustic shock waves in inhomogeneous dusty plasmas due to spatial gradients of dust charge and plasma densities. However, the evolution of solitary waves governed by the KP equation has not been investigated in threedimension inhomogeneous plasmas. It is thus necessary to investigate plasma waves in three-dimension inhomogeneous dusty plasmas, taking into account adiabatic dust charge fluctuation. As is well known, in most practical dusty plasmas, when the characteristic frequency of the system is much smaller than the energy exchange rate, the cold ions are stationary.
Therefore, in the present paper, we investigate the combined effects of the adiabatic dust charge fluctuation, higher-order transverse perturbation, and inhomogeneity on nonlinear acoustic solitary waves in three-dimension dusty plasmas. Using the perturbation method, a modified Kadomtsev-Petviashvili (MKP) equation governing the dust acoustic waves is deduced. The modified variable coefficient Kadomtsev-Petviashvili (MKP) equation is reduced to the standard Kadomtsev-Petviashvili (KP) equation. The exact wave frame solution of this KP equation is obtained. The evolution of solitary waves is investigated numerically.
Governing equations
We consider a three-dimensional collisionless unmagnetized dusty plasma system, which consists of extremely massive, micron-sized, negatively charged dust fluid, and Boltzmann distributed ions and electrons. This system has gradients in the number densities along the x direction in the presence of a constant external magnetic field B = B 0 x 0 . In the steady state, the charge neutrality reads:
, where n d0 (x), n i0 (x), and n e0 (x) are the unperturbed dust, ion and electron number densities, respectively, and Z d0 (x) is the unperturbed number of charges residing on the dust grain measured in units of electron charge. The dust acoustic wave dynamics are governed by a set of fluid equations, including continuity, momentum, and Poisson's equations:
where
with T i being the iontemperature (in energy units) and m d being the mass of negatively charged dust particle; n d is the dust grain number density normalized to n d0 (0); φ is the electrostatic potential normalized to T i /e with e being the magnitude of the electron charge; The time and space variables are normalized by the dust plasma period ω
(0)e 2 and the Debye length λ Dd = C d /ω pd , respectively. Γ = ν dn /ω pd is the effective frequency of the dust-netural collision normalized by plasma frequency. Other collisions of the dust grains with electrons and ions being smaller are ne-
−10 ). On the DA timescale, the electrons and ions are in local thermodynamic equilibrium and their number densities obey the Boltzmann distributions
where σ i = T i /T e , with T e being the electrontemperature (in energy units).
Taking into dust charge variation, the dust charge Q dj is determined by the charge current balance equation [10] ,
where I e and I i are the electron and ion current, respectively. It is noticed that the characteristic time for dust motion is of the order of tens of milliseconds for micrometer-sized grains [11] , while the dust charging time is typically of the order of 10 −8 s [12] , therefore, the dust motion is not so fast that the contribution from the electron current to dust is balanced by the ions. It follows that dQ d /dt I e and I i and the current balance Eq. (4) reads [13] I e + I i = 0.
Assuming that the thermal velocities of electrons and ions are larger than their streaming velocities, and according to the well-known orbit-motion-limited probe model [14] , the following expressions for the electron and ion currents for spherical dust grains with radius a are obtained [15] ,
where Φ denotes the dust grain surface potential relative to the plasmas potential φ. So, from the current balance Eq. (5), we can obtain 
where ϕ 0 = ϕ(φ = 0) (When there is no perturbation, there is neither external electric field nor macroscopic particle flow.) is the dust surface floating potential corresponding to the unperturbed plasma potential, which is determined by the following expression,
Now, for the study of small-amplitude dust acoustic solitary waves in the presence of self-consistent dustcharge variation, expanding ϕ near ϕ 0 , one can obtain from Eq. (9)
It is clear from Eqs. (12) and (13) that the dust charge variation depends on ϕ 0 and σ i . It should be noted that we have assumed that the dust grain radius (a) the electron gyroradius (ρ e ), so the charging characteristics are not significantly influenced by the existence of an external magnetic field. Since for a ρ e , the curvature effect of the trajectory of an electron (ion) impinging on a dust grain of radius a can be neglected [16, 17] .
Derivation of the nonlinear wave equation
In order to investigate the propagation of nonlinear dust acoustic solitary waves in nonuniform dusty plasmas, we employ the standard reductive perturbation technique [18] to obtain the wave governing equation. The independent variables are stretched as
where is a small parameter measuring the strength of non-linearity, V 0 (x) is the velocity of the moving frame to be determined later. The dependent variables are expanded as
Substituting Eqs. (14)and (15) into Eq. (1) and collecting the terms in the different powers of , to the lowest order in , we obtain the following relations
where β = γ 1 n d0 +σ i n e0 −n i0 stands for the dust charge fluctuation effect. For the next higher order, we obtain
i n e0 ). Now, using Eqs. (16) and (17) and eliminate n 2 , u 2 , v 2 , w 2 and φ 2 , one obtains
Eq. (18) is a modified KP equation describing the propagation of three-dimensional nonlinear dust acoustic solitary waves in nonuniform dusty plasmas with adiabatic dust charge variation. It is clear that the nonlinear coefficient A and the dispersion coefficient B depend on the inhomogeneity and the charge fluctuation. The coefficient D arises due to the inhomogeneity of the equilibrium dust charge Z d0 and linear DA phase velocity V 0 .
If there are no transverse y and z direction perturbations, Eq. (18) is the KdV equation which has a solitary wave solution.
Approximate analytical solutions
Now we discuss the dust acoustic solitary wave solution of Eq. (18) . Eq. (18) can be transformed to the following standard variable coefficient KP equation
We assume that Eq. (19) has a stationary wave solution as follows: φ = φ(θ), where θ = ξ + η + ζ − U 0 X, then we obtain a solitary wave solution
where φ m = 
Numerical results and discussion
We numerically investigate the characteristic properties of the dust acoustic solitary waves in typical dusty plasmas. The plasma parameters are taken as: electron temperature T e ∼ 2 eV, ion temperature T i ∼ 0.1 eV, ion density n i0 (0) ∼ 10 9 cm −3 , dusty density Z d0 (0)n d0 ∼ 0.1n i0 (0), and the grain radius a ∼ 1 µm. An exponential decreasing profile is assumed for the equilibrium ion density n i0 (X) = exp(−X/L), where L is the density scale length taken as 200. For the given ion density distribution, the electron density and dust charge are calculated from the equations of the quasineutrality and the balance of the charging current. In the following discussion, we give n d0 some fixed values.
It is obvious from the coefficients of A and A that the amplitude of the dust acoustic solitary waves is a nonlinear function of the ion temperature σ i , the dust surface floating potential corresponding to the unperturbed plasma potential ϕ 0 , the dust density n d0 , and the dissipation Γ . Fig. 1 shows the variation of the amplitude of the dust acoustic solitary waves with parameters σ i , ϕ 0 , n d0 , and X/L. It is clear that when n d0 and X/L increase, the amplitude of dust acoustic solitary waves increases, but when σ i decreases, the amplitude of dust acoustic solitary waves increases. It is also obvious from the coefficients of B that the width of solitary waves is dependent on σ i , n d0 , and X/L. Fig. 2 shows the variation of the width of the dust acoustic solitary waves with σ i , n d0 , and X/L. It is clear that the width increases with X/L, and σ i , but decreases with n d0 . Furthermore, it is also seen that the changing of the dust acoustic solitary waves with these parameters is not significant when X/L is smaller. Furthermore, the numerical results indicate the dissipation has no effect on the width of solitary waves. Fig. 3 shows the variation of the amplitude of the dust acoustic solitary waves for different Γ . It is clear that when Γ increases the amplitude of dust acoustic solitary waves decreases, that is, the dissipation reduces the amplitude of the dust acoustic solitary waves. 
